Solving DEs by Separation of Variables.

Introduction and procedure

Separation of variables allows us to solve differential equations of the form

W~ o)s)

The steps to solving such DEs are as follows:

d
1. Make the DE look like d—y = g(z)f(y). This may be already done for you (in which case you can just identify
x

the various parts), or you may have to do some algebra to get it into the correct form.

2. Separate the variables:
Get all the y’s on the LHS by multiplying both sides by ﬁ (i.e., dividing by f(y)):
1 dy
— 2L =gz
fly) dx ®)

and get all the x’s on the RHS by ‘multiplying’ both sides by dz:

3. Integrate both sides:

/ﬁ dy:/g(m) dx

4. Solve for y (if possible). This gives us an explicit solution.

This gives us an implicit solution.

5. If there is an initial condition, use it to solve for the unknown parameter in the solution function.

6. Check for any constant singular solutions. Remember: they must satisfy both the DE and the initial condition
(if there is one).

7. If you have an initial condition, specify the interval of validity. If you don’t have an initial condition, indicate
the domain of the solution (even if it’s not a single interval).

Note: We will make use of the following two integration formulae to avoid basic, repetitive u-substitutions. You
may use these on the homework and test (if they apply) without citing them:

1
——dy =1 A
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Examples

Example 1. Find an implicit solution of the IVP

Ty +2y—x—2
y=——"— y4)=2
zy —3y+x—3

1. Rewriting the LHS in differential form and factoring the RHS we get

dy _ @+2y-1)
dr (r—=3)(y+1)

2. Separating the variables leads to:
y+1 gy +2

= d
y—1 4 z—3 “

3. To evaluate the integrals
1 2
yr- dy = / T dx
y—1 r—3
we need u-substitution on both sides. On the LHS, let w = y — 1 and then du = dy and y = v+ 1. On the RHS

we need another variable name, so let w =  — 3 and then dw = dx and = w + 3. Substituting (0.1 below),
rewriting some more (0.2), integrating (0.3), and reversing the substitution (0.4) yields:

/“”du:/wdw (0.1)
u w
2
/1+fdu:/1+édw (0.2)
u w
u+2Injul =w+5n|w| + C; (0.3)
y—14+2Ilnly—1=2—-3+5ln|z—-3|+C; (0.4)

Further simplification leads to:
y+2Injly—1=z+5In|z — 3|+ C

y+In|(y—1)° =z+In|(z—3)°| + C;
In|(y—1)7° -In|(z-3)°|=2z—y+Cs

(y—17% _
In (x_3)5 =X y+02
—1)2
Ez — 3;5 = YTC2 = 7Yl = Oy . T
(y —1)? o
(@ —3)5 ¢

4. [Not applicable since we're only trying to find an implicit solution.]
5. Applying the initial condition y(4) = 2 and solving for C yields:

(2-1)2

_ 4-2
(4_3)5—0-6
1=C-¢é?
e2=C

So our implicit solution is



6. No singular solutions (y = 1 is a singular solution of the DE, but it doesn’t satisfy the initial condition).

7. The original DE and the solution are undefined when & = 3, so the domain is (—00,3) U (3,00). Since our
initial condition is for z = 4, our interval of definition is I = (3, 00) (we use the largest connected subset of the
domain that covers our initial condition).

Example 2. Solve the DE
y = kM — ky

subject to the initial condition y(0) = 0 (this is the differential equation describing the velocity of a sky diver).

1. Factoring k out of the RHS, we get

dy

Az =_k (M—y)
T SN —

9@ 1y

2. Separate the variables:
1

dy==kd

M-y 4 *

3. Integrate both sides:

1

—In|ly— M| =kx+ Cy

4. Solve for y:

—In|y — M| =kx+ Cy
Inly— M| =—-kx+Cy
ol ly=M| _ ,—ka+Ci
ly — M| = e Ft+C1 = ¢=koCr = 0, eha
+(y — M) = Cye*
y— M = +Che "
y=M+Ce™*

5. Apply the initial condition y(0) = 0 and solve for C:

0=M+Ce ™0
=M+ Ce’
=M+C
-M=C

6. Check for constant singular solutions:
0=kM — ky = k(M —y)

So y = M is a solution to the DE. However, it doesn’t satisfy the initial condition, so y = M is not a solution
to the IVP.

7. The domain of the solution function is all real numbers, so our interval is (—oo, 00).
So, the final solution is

y=M— Me™™ = M(1—e "),

I = (—00,00)



Example 3. Solve the DE

y' = ze®
subject to the initial condition y(0) = —1.

1. This one is already in the correct form:

dy = z e

dr "=~

g(z) f(y)
2. Separate the variables:
1
o dy = x dx

e dy=uzxdx

3. Integrate both sides:

4. Solve for y:

no

o 9t 4o
e 5 +
e =—22+C
In(e™%) = In(—2* + C)

—2y = In(—22 + C)
1
y=-3 In(—z* 4 C)

Note: It’s okay to end up with the C inside the natural log; since it’s being added inside the log, there are no
properties that allow us to move it to outside.

5. Apply the initial condition y(0) = —1 and solve for C:

1= —% In(0 + C)

2=1In(C)
62 — eln(C)
e2=C

6. e?¥ is never equal to 0, so there are no constant singular solutions.
)

7. The domain of the solution function is (—e, e) and this is also the solution interval (since the domain is a single
interval).

So, the final solution is

Example 4. Solve the DE

subject to the initial condition y(0) = —5.



1. This one is essentially already in the correct form:

dy _2* _ o1
dr y ~~y
9(z) ~~~
)
2. Separate the variables:
y dy = 2% dx
3. Integrate both sides:
/y dy = /:c2 dx
2 3
Y x
= =—4C
y 3
4. Solve for y:
2 3
Y x
I 2 10
9 3 + Co
223
2
=—+4+C
Y 3 +
223
y== % +C

Note that we get two possible solutions from the 4. If we didn’t have an initial condition, then we would leave
3

the + in the final answer, or we would stop at the implicit solution y? = % + C. In this case, since we have

an initial condition, we’ll decide which one we want when we apply the it in the next step:

5. Applying the initial condition y(0) = —5, we get

2.

=+VC

Since we have a negative number on the LHS, we’ll use the negative square root for our solution function.
Solving for C', we get:

—5=—VC
5=1C
25 =C

6. No value of y will make %2 = 0, so there are no constant singular solutions.

2

7. The domain of the solution function is {,3/ - oo) and this is also the solution interval (since the domain is

a single interval).

So, the solution is
[ 223
= —4/— +25
Y 3 +
7
I - [ 3 _?’ oo>

I 63x+2y

ot

Example 5. Solve the DE
Yy

subject to the initial condition y(0) = 4.



1. Using properties of exponents on the RHS, we get

d

W _ e L2y

dx N~
g(z) f(y)

2. Separate the variables:

1
= dy = €%* dx

e~ dy = e3® dx

/efzy dy = /egz dx

1 1
_72672y = gegz + O()

3. Integrate both sides:

4. Solve for y:

1
36_2y = 3€3z + CO
e = %2639” +C

5. Apply the initial condition y(0) = 4 and solve for C:

1 2
4 = -5 In (-363'0 + C’)
1 2
4=—In|—=
2n< 3—|—C>
2
—8=In|{—=+C
n 3+
e 8 — 6m(—§+c)
2
-8
=—+4C
e 3+
e+ =C

6. No value of y makes e3**2¥ = (), so there are no constant singular solutions.

7. The domain of the solution function is (—oo, % In (1 + %e’s)) and this is also the solution interval (since the
domain is a single interval).

So, the final solution is



Example 6. Solve the DE

Y = 2 — 3y
subject to the initial condition y(0) = 1.

1. Factoring out %2 on the RHS, we get

d

7@1:(1_631). y?

dx —_——
2. Separate the variables:

1

— dy = (1 76330) dx

y 2 dy = (1 — 63””) dx

/ﬂ dy:/(l—egx) da
1

3. Integrate both sides:

% =x— - 4+ Cp
1 3
s
” x 36 + Cp
4. Solve for y:
1 1
—=—x4+-e4C
Y 3
- 1
A 13 +C
5. Apply the initial condition y(0) = 1 and solve for C:
1— 1
0+ 130+
1 1 3(0)
-z C
1 36 +
1
l==-+C
3
2
Z_¢
3

6. Check for constant singular solutions:
0= y2 _ e3zy2 — y2(1 _ 632))
So y = 0 is a solution to the DE. However, it doesn’t satisfy the initial condition, so y = 0 is not a solution to
the IVP.

7. The domain of the solution function is all real numbers. [Note: this is not immediately obvious. We would
need to show that the denominator, —z + %6390 + %, is never equal to zero. One way to do this is by showing
that the absolute minimum is this denominator is a positive number.] So the solution interval is (0o, 00).

So, the final solution is

1

_ 3
= yeriy

I = (00,00)



Example 7. Solve the DE
1

Ty +y

y:

1. Factoring y out of the denominator on the RHS, we get

dy 1 1

dr — r+1 vy
M~~~

9(@)  f(y)

2. Separate the variables:
1
dy = d
yay T+ 1 L

3. Integrate both sides:

1
/ydy—/mdx

2
% =Inlz+1/+Cy (an implicit solution)

4. Solve for y:
y =2z +1|+C

y==xv2lnjz+1]+C (explicit solution)

5. No initial conditions given, so we can’t solve for C.

1
Yty

6. There are no values of y that make equal to zero, so there are no constant singular solutions.

7. The domain of the solution function is {z | 2In|x + 1| + C' > 0} (without an initial condition, we can’t get a
better description of the domain).

So, the final solution is

y==xv2In|lz+1|+C,
I={z|2ln|z+1+C >0}

Example 8. Solve the DE
y = bry — 2z
subject to the initial condition y(0) = 1.

1. We could factor out just x from the RHS, but factoring out 5x leaves us with a coefficient of 1 on the y, which
will make the integration a little easier later on:

dy 5 2
=2 _ 5p . _z
de =22 \Y"5
9(z) N———
)
2. Separate the variables:
—3 dy = bz dx
5



3. Integrate both sides:

2 5z . .. .
In|y— =5 +Co (an implicit solution)
4. Solve for y:
eln|y7%‘ = Q#JVCU
2 522 522
y—s':e et =(Cle?
2 22
+ (y — 5) = C’165T
2 1‘2
y — g = :l:0165T
2 522
y —_ g — CGT
522 2
= C 2 —
Y e + 5
5. Apply the initial condition y(0) = 1 and solve for C:
502 2
1=Ce 2 —
e + 5
2
1=Ce+ =
e + 5
2
= C —
+ 5

=C

G W =

6. Check for constant singular solutions:

0 = 5zy — 2z = z(5y — 2)

Soy = % is a solution to the DE. However, it doesn’t satisfy the initial condition, so y = % is not a solution to

the IVP.
7. The domain of the solution function is all real numbers, so our interval is (—o0, 00).
So, the final solution is
3 5122 4 2
= —€ —
Y 5 5’
I = (—00,00)



